Abstract-Due to the double-pendulum phenomenon in practical applications of the quadrotor transportation systems, most existing control methods based on simplified single-pendulums are no longer applicable. To achieve simultaneous quadrotor positioning control and swing elimination for the hook and the payload, an accurate system model is of great significance. Specifically, the dynamic equation of the plant is obtained by Lagrange's modeling method. The main characteristics of the system is then analyzed based on the derived model. Numerical simulations for the two control schemes are presented to reveal the characteristics of the unmanned quadrotor transportation systems.
I. INTRODUCTION
Duo to the advances in microelectronics technology, the research on autonomous robots has intensified significantly. Compared with traditional ground robots, UAVs (unmanned aerial vehicles) are capable of tasks in spaces that are difficult to access, which leads to the recent growth of civil and military interest [1] - [6] . Nowadays, quadrotors are ideal platforms for tasks such as photography, monitoring, disaster response, and cargo transportation [7] - [11] .
The aerial transportation is one of the most important application scenarios of quadrotors. Grippers [12] - [14] , manipulators [15]- [17] , and cables are three typical tools in transportation. In particular, a gripper is utilized for object grasping [12] so as to extend the functionalities of UAVs. Both the navigation and the control systems are designed to realize the task of indoor grasping from the air. In [13] , with the help of a class of 2.5-D truss-like structures, the quadrotors are controlled to a completed task, including part pickup, transport and assembly. However, the adding payload always changes the response of the quadrotor. In order to reject the bias torque induced by the shifted system center, Pounds et al. show that the UAV will reject this kind of offsets within a fairly large range under PID (proportional-integralderivative) control [14] . To further expand the workspace, , quadrotors could pick up and deliver payloads by the end effector. Although the research on quadrotors with manipulators has been deeply studied, the complex mechanical construction and heavy weight are still the two main challenges for system control.
The cable suspending way not only reduces the cost and the complexity, but also retains the agility of the quadrotor. Thus, studies on aerial transportation by cables have been receiving much attention, and this paper also focuses on such a transportation system. The unmanned quadrotor transportation system discussed in this paper is underactuated [18] - [24] . The payload's sway motion is a potential danger when the quadrotor moves. Numerous researchers are devoted to designing effective control schemes to suppress the payload sway motion and drive the quadrotor to the desired position simultaneously. In [25] , [26] , Sreenath et al. first build the model by utilizing the Lagrange-d'Alembert principle. Then, the authors prove the quadrotor transportation system satisfies the differentially-flatness property. By building the system model with the help of Newton's First Law of Motion, a dynamic programming method is utilized for the quadrotor with a suspended payload [27] , [28] . With the Euler-Lagrange formulation, an interconnection and damping assignment-passivity based control (IDA-PBC) strategy is proposed [29] , [30] . Specifically, experiments are conducted to validate the control effect using monocular vision based navigation. Using Lagrange modeling technique, the system model is built [31] . Based on the derived model, hierarchical control approaches are designed to improve the antiswing effect and the positioning performance [32] , [33] .
In most existing works on quadrotor transportation systems, the payload and the hook are always viewed as a point mass, which means that the system is represented by singlependulum. Nevertheless, this approximation is unreasonable because the center of gravity of the hook is not consistent with the payload, which causes the double-pendulum swing effects similar with cranes [34] - [36] . Thus, the quadrotor's motion may excite both the hook's and the payload's sway motion. To avoid potential large oscillations of the hook and the payload, control schemes need to be designed based on the model with consideration of the aforementioned doublependulum swing effects. To address the above issues, the system model is first established by utilizing the Lagrange's modeling method. Specifically, to reduce the amount of calculation, we divide the transportation system into the inner-loop and the outer-loop subsystems. Then, some typical characteristics of the system are analyzed. Simulation results are presented to further reveal the system characteristics.
The rest of this paper is organized in the following manner. In Section II, we first provide procedure of dynamics modeling. Subsequently, Section III analyzes characteristics of the system. In Section IV, simulation tests are conducted. Finally, in Section V, conclusions and the future work are provided. The schematic principle of a quadrotor UAV transportation system with double-pendulum swing effects is provided in Fig. 1. ξ( 
II. DYNAMICS MODELING
2 describes the hook swing angle and the payload swing angle, l 1 , l 2 ∈ R are the lengths of the two suspension ropes, M ∈ R and J ∈ R are the quadrotor's mass and moment of inertia, respectively, m 1 ∈ R and m 2 ∈ R are the masses of the hook and the payload, respectively, φ(t) ∈ R denotes the quadrotor's roll angle, f (t) ∈ R and τ (t) ∈ R represents the thrust force and the torque generated by the quadrotor.
The suspension rope is tied to the quadrotor's center of rotation. Thus, the hook's and the payload's motions will not affect the quadrotor's rotational dynamics. The dynamics of the system includes two aspects, i.e. the inner loop that describes the quadrotor's attitude characteristics, and the outer loop subsystem on the translational motion of the quadrotor, and the swing motion of the hook and the payload. The inner loop dynamics can be presented as follows:
The emphasis of this paper is to study the outer loop dynamics of the system. Let T ou ∈ R and V ou ∈ R denote the kinetic energy and the potential energy of the outer loop subsystem, which are expressed as follows:
where e 3 = [0, 0, 1] ∈ R 3 , the hook position ξ 1 = [y 1 , z 1 ] ∈ R 2 and the payload position ξ 2 = [y 2 , z 2 ] ∈ R 2 are defined as
respectively. Taking the time derivative of (4) and (5), the following result is derived:
Substituting equations (6)- (9) into (2), the overall kinetic energy of the outer loop subsystem is
Similarly, substituting equations (4) and (5) into (3), the potential energy of the outer loop subsystem is given by:
The generalized forces are represented as follows:
Taking the generalized coordinates as q = [y, z, θ 1 , θ 2 ] ∈ R 4 , then, according to the Lagrange's equation given as follows:
d dt
where
the dynamics describing the outer loop subsystems are provided as follows:
Further, we rewrite equations (17)- (20) as follows:
where M c (q), V c (q,q) ∈ R 4×4 , G(q), u ∈ R 4 are explicitly provided as follows:
III. CHARACTERISTICS ANALYSIS
The complete model of the system is expressed as follows based on the derived model:
From the above equations, one can see that the system presents complicated "double" underactuated property, which means that the quadrotor, providing the outer loop subsystem's driving force, is also underactuated. Thus, the underactuation of the system comes from two parts, the suspension rope and the quadrotor itself. The "double" underactuated property and the double-pendulum swing effects together increase the difficulty of system control.
To facilitate the controller design work, the following features are provided:
Remark 1: M c (q) is a symmetric matrix. Remark 2: Matrices V c (q,q) and M c (q) satisfy the following skew-symmetric relationship:
IV. CONTROLLER DESIGN AND SIMULATION RESULTS To further reveal the system characteristics, the following PD based virtual controller
and the nonlinear control scheme with coupling terms
are tested, where the positioning errors are defined as
denotes the desired position of the quadrotor, and k py , k dy , k pz , k dz , k y , k z are positive control gains. According to the constructed virtual controller in (27) , (28) , the actual thrust input and the desired roll angle of the quadrotor are given as follows:
By utilizing the above control schemes, both the quadrotor positionning and the double swing suppression objectives can be realized simultaneously. The simulation test is conducted in the environment of MATLAB/Simulink. The system parameters for the outer loop subsystem are set in the following manner: 
V. CONCLUSIONS
To reflect the double-pendulum swing effects, in this paper, the unmanned quadrotor transportation system model is first established. To reduce the computational cost, the system is divided into two subsystems, which will be helpful for the characteristics analysis. Numerical simulation results for two control schemes are included to reveal the system characteristics. At present, we are building an experimental platform. In ensuing researches, the transportation system will be extended to the 3D case, and controllers will be designed for effective swing suppression.
a. quadrotor position y(t), z(t) and the swing angles θ1(t), θ2(t).
b. thrust input f (t) and the desired attitude angle φ d (t). based visual servoing of a quadrotor using virtual camera approach", IEEE/ASME Transactions on Mechatronics, vol. 22 b. thrust input f (t) and the desired attitude angle φ d (t). b. thrust input f (t) and the desired attitude angle φ d (t). 
